Introduction
Owing to the rapid development of high-precision experimental techniques aimed at researching the nanosystems, the processes of friction in the case where the thickness of a lubricant between rubbing surfaces equals several atomic diameters have been intensively studied recently [1] [2] [3] . In tribology, this friction mode was called "boundary friction". It is often realized in ordinary mechanisms, because the rubbing surfaces contact with each other by means of surface irregularities or inhomogeneities [1, 4] . The boundary friction differs essentially from the hydrodynamic mode, when the friction force is proportional to a power function of the velocity. Note that the ultrathin film of a lubricant does not form conventional, thermodynamically equilibrium phases, solid and liquid ones. Instead, we have liquid-and solidlike states, which are kinetic friction modes, and there can be several of them [5, 6] . This occurs because the symmetry of a lubricant state is substantially affected by friction surfaces, this fact being not of importance for bulk lubricants. In the course of friction, the phase transitions of both the first and second orders can take place between the stationary states [7, 8] . These transitions often comprise the origin of the stick-slip motion mode for contacting surfaces [5, 6, 9] . In order to describe the boundary mode of friction and nano-contact phenomena, phenomenological models are widely used [7] [8] [9] [10] . In particular, a model was developed [11] , in which the lubricant melting is driven by the thermodynamic and shear mechanisms. In the framework of this model, the influence of additive fluctuations of principal quantities was studied [12] , and their presence in the system was demonstrated to result in the emergence of new stationary states and new kinetic friction modes [13, 14] , which are not essential for bulk systems. The origin of the hysteretic behavior, which was observed experimentally [3, 15, 16] , was elucidated in work [17] . The indicated model also made it possible to describe the periodic stick-slip mode of motion [18, 19] .
In works [7, 20] , a thermodynamic scenario of boundary friction was proposed, which is based on the phase transition theory developed by Landau [21] . This model takes into account that the ultrathin film of a lubricant can melt and stay in a liquidlike disordered state both owing to the ordinary thermodynamic melting and as a result of overcoming the fluidity threshold by the shear stress component ("shear melting"). The influence of those factors was also studied in work [8] , in which the excess volume [22, 23] arising owing to the lubricant stochastization at its melting was selected as the order parameter. As the excess volume increases, the shear M K K Fig. 1 . Diagram of a tribological system modulus decreases [8] , which results in the melting. In works [7, 20] , the shear modulus itself was selected as the order parameter, which acquires zero values in the liquid-like phase. However, in works [7, 20] , the melting is described as a continuous phase transition of the second order, whereas jump-like phase transitions of the first order are often observed in the boundary friction mode [5, 6, 8] , which are responsible for the stick-slip motion [5, 6] .
This work is aimed at describing the first-order phase transition in the framework of the model developed in works [7, 20] and at studying the behavior of tribological systems on the basis of the indicated modification. The model proposed does not make allowance for specific types of lubricants, because its task consists in describing the origins of phenomena that take place at the boundary friction. For specific types of lubricants and friction surfaces, the model should be modified. To some extent, it can be made by choosing the numerical values of coefficients in the series expansions of the free energy, relaxation times, and so on. The model describes only homogeneous lubricants composed of non-polar quasispherical molecules [5, 6] . One of the reasons is the fact that we study a situation where the elastic stresses acquire zero values in the liquid-like state, i.e. the melting gives rise to the total disordering of lubricant molecules, which does not takes place in thin lubricant films consisting of polymer molecules. Another reason is the fact that the obtained time dependences of the friction force and stresses are strictly periodic, which is also observed for quasispherical molecules only [5, 6] .
Tribological System
The fabrication of atomically smooth surfaces with large dimensions is associated with considerable technological difficulties. Therefore, to measure the dynamic parameters of ultrathin lubricant films between such surfaces, the surfaces characterized by small dimensions and pasted on spherical or cylindrical surfaces that rub each other are used. This scheme was applied while designing the surface force apparatus (SFA) [3, 24, 25] . Two types of SFA Mk II and Mk III were described in review [3] . In the latter, the system to control distances between rubbing surfaces was improved. The device allows the shape of surfaces to be determined, as well as the distance between them to within an accuracy of 1Å. The contact area between surfaces is measured with an accuracy of ±5%, the normal and shear components of operating forces to within ±1%, and the magnitude of applied loading to within ±5%.
One of the rubbing surfaces in the SFA is fixed, and the other is driven to move periodically. In the course of motion, the shear stresses and the effective viscosity of a lubricant are measured, the lubricant structure is determined, and so forth. In this work, we consider a simplified mechanical analog of the SFA exhibited in Fig. 1 . Two springs characterized by the stiffness constant K are connected with a block of mass M mounted on rollers. The rolling friction for the latter is neglected below. On the indicated block, another block is arranged, which is brought into a periodic motion by applying an external force. Provided that the surfaces of two blocks interact with each other, the motion of the upper block stimulates the motion of the lower one. The trajectory of the lower block substantially depends on the friction mode established in the system. A similar tribological system was experimentally studied in works [26, 27] . Note that, in contrast to the SFA design, now both blocks are mobile, which enables the time dependences of block coordinates and velocities to be registered, and, by analyzing them, the rheological and tribological characteristics of the system to be determined.
Let X and V =Ẋ be the coordinate and the velocity, respectively, of the upper block, whereas x and v =ẋ denote the corresponding quantities for the lower block. Let us consider the case where the upper block moves according to the cyclic law,
where X m is the amplitude, and ω is the cyclic frequency. We write down the equation of motion for the lower block in the form [26] Mẍ + 2Kx − F = 0,
where F is the friction force that arises between the blocks at their relative motion. From the last expression, it follows that the character of motion in the system essentially depends on the friction mode and the lubricant properties, because they determine the force F . The friction force is determined in a standard way,
where σ is the shear stress that arises in the lubricant, and A is the contact area between rubbing surfaces.
In the boundary friction mode, the elastic, σ el , and viscous (dissipative), σ v , stresses arise in the lubricant layer [7, 8, 16] . As a rule, the melting is accompanied by a reduction of the elastic stress component, whereas the viscous one grows owing to an increase of the relative shear velocity between rubbing surfaces [16] . Hence, the total stress is determined by the sum of indicated components,
The viscous stresses in the lubricant layer are determined by the empirical formula [28, 29] 
where the effective viscosity of the lubricant, η eff (it depends on plenty of factors and is determined experimentally) is introduced into consideration, as well as the relative velocity of surface motion, V − v.
As a result, in the case of boundary friction, polymer solutions or melts are applied as lubricants. The necessity of such an application is caused by the fact that the friction surfaces are small in dimensions, and the lubricant film between them must not be squeezed out under the influence of large tribological loadings. Such lubricants are non-Newtonian fluids, the viscosity of which depends not only on the temperature, but also on the velocity gradient. However, the application of the SFA allows the behavior of a wide class of lubricants to be examined in the boundary friction mode, because the rubbing surfaces in these experiments are completely imbedded into a vessel with a liquid to study, so that the latter is not squeezed out from the gap between the surfaces during their motion [3] . However, we should note that even ordinary water, when being used as a boundary lubricant, can behave as a non-Newtonian fluid, because, owing to its interaction with the surfaces, it can create spatially ordered structures in the course of motion.
The non-Newtonian fluids are divided into two classes: pseudoplastic fluids, the viscosity of which decreases with the growth of the strain rate (e.g., these are polymer solutions and melts) and dilatant ones, the viscosity of which increases asε grows (e.g., suspensions of solid particles). For both situations to be taken into account, let us use a simple power-law approximation [28, 29] 
Here, we introduced the proportionality coefficient k (its dimension is Pa · s γ+1 ) and the dimensionless index γ (for pseudoplastic fluids, γ < 0; dilatant ones are characterized by the index γ > 0; and γ = 0 in the case of Newtonian fluids).
The strain rate is determined through the relative velocity of motion and the lubricant thickness h [28] ,
Taking Eqs. (7) and (8) into account, the expression for viscous stresses (Eq. (6)) looks like
Note that, according to Eq. (9), viscous stresses are available in both the liquid-and solid-like states of a lubricant. The presence of viscous (dissipative) stresses in both phases was indicated in the experimental work [16] . However, if the lubricant is in a solid-like state, viscous stresses are low, because, in accordance with Eq. (9), they are proportional to the relative shear velocity, V −v, which is low in this case. Substituting Eqs. (5) and (9) into Eq. (4), we obtain the final expression for the friction force [30] [31] [32] [33] ,
where the function
takes into account the direction of force action. The first term in Eq. (10) describes the elastic component of the friction force, and the second is responsible for the viscous one, which grows with the velocity. Hence, the friction force depends on the velocity of the lower block, v, and the elastic stresses, σ el , that arise in a lubricant.
Thermodynamic Model
In the homogeneous case, the free energy density for an ultrathin lubricant layer looks like [7, 20, 30, 31 ]
where T is the lubricant temperature; T c is the critical temperature; ε el is the shear component of the elastic strain; α, a, b, and c are positive constants, and ϕ is the order parameter (the amplitude of the periodic component in the microscopic medium density function [7, 20] ). The parameter ϕ equals zero in the liquid-like phase and acquires nonzero values in the solid-like one. In comparison with works [7, 20] , potential (12) takes additionally the third-order term into account. This form of expansion is used to describe phase transitions of the first order [21, 34] . In the second term in Eq. (12), we also introduced the factor a, which allows us to vary the contribution of the elastic energy to the potential. The elastic stresses that arise in the lubricant layer, according to Eq. (12), are determined as the derivative σ el = ∂f /∂ε el , so that
Therefore, after the coefficient a has been introduced into expansion (12) , the shear modulus is determined as follows: Depending on the value of parameter a, it can acquire both small and large values at |ϕ| < 1. Note that, in the boundary friction mode, the shear modulus can be several orders of magnitude larger than that in the hydrodynamic mode for the same lubricant. As a result, if the critical temperature T or critical elastic shear stress σ el become exceeded in the course of friction, the lubricant does not melt completely; instead, a domain structure with regions of liquidassisted and dry friction is created. For this situation to be studied, Eq. (12) must include gradient terms, which considerably complicates the subsequent consideration. However, the examination of such spatial structures comprises a separate problem, which is not the purpose of this work. Therefore, the gradient terms are excluded from Eq. (12), which corresponds to the consideration of a lubricant behavior in the framework of the one-domain model with a homogeneous structure.
According to the principle of minimum energy, the system tends to occupy a stationary state, which corresponds to the minimum of the free energy f (ϕ) (see Eq. (12)), irrespective of its initial conditions. Since the parameter ϕ is the amplitude of the periodic component in the microscopic medium density function, we consider below only the physical range of values ϕ ≥ 0. Let us introduce the function
The analysis of expression (12) for the free energy allows the following situations to be distinguished. Provided that the condition B(ε el , T ) ≤ 0 is obeyed, the maximum of potential (12) at ϕ = 0 and its minimum at ϕ > 0 are realized (curve 1 in Fig. 2 ). In this case, the lubricant is solid-like, because the shear modulus µ > 0. In the intermediate interval
, the maximum of the potential at ϕ = 0 transforms into a minimum and, additionally, there emerges a maximum that separates the zero and nonzero minima (curve 2 in Fig. 2 ; it is also shown scaled-up in the inset). In this case, the state of a lubricant depends on the initial conditions, and the lubricant can be in either solid-or liquid-like state. In the latter case, B(ε el , T ) ≥ b 2 /(4c), and a single minimum of the potential at ϕ = 0 is realized (curve 3 in Fig. 2) , which, according to Eq. (14) , corresponds to the zero value of lubricant shear modulus and its liquid-like structure.
The stationary values of order parameter ϕ are determined as the roots of the equation ∂f /∂ϕ = 0 [30, 31] , namely,
The root ϕ − is related to the unstable stationary state, because it corresponds to the maximum of potential (12) . The stable state, which corresponds to the potential minimum, is given by the root ϕ + . Besides roots (16) , the stationary solution ϕ 0 = 0 always exists, which corresponds to the extremum of potential (12) with the order parameter equal to zero; it can be either a maximum or minimum of the potential. According to Eq. (16), the lubricant melts if either the temperature T elevates or the shear component of the elastic strain, ε el , grows. Thus, the model concerned makes allowance for both thermodynamic and shear meltings. As was already indicated above, at small values of temperature T and strain ε el , when the function B(ε el , T ) ≤ 0, the lubricant is solid-like, because, in accordance with Eq. (16), a stationary value of parameter ϕ different from zero is realized, and, according to Eq. (14), the shear modulus µ is also non-zero. In this case, the potential has a single minimum at ϕ ≥ 0. If the temperature T exceeds the critical value
the order parameter vanishes in a jump-like manner, when the lubricant passes into the liquid-like state, in which the potential f (ϕ) has a single minimum at ϕ = 0 [30, 31] . If, after this transition, the temperature T falls down further, the lubricant solidifies following the mechanism of first-order phase transformation at a lower temperature,
and the parameter ϕ becomes non-zero again. In the intermediate temperature region, T 0 c < T < T c0 , the potential is characterized by two minima at positive ϕ. Hence, the dependence ϕ(T ) has a hysteresis character [30, 31] and corresponds to the phase transition of the first order. Expression (18) elucidates the physical meaning of the critical temperature T c ; namely, it is the temperature of lubricant solidification at zero strains, when only the mechanism of thermodynamic melting is active in the system.
From expression (17) , it follows that the lubricant melts not only at the temperature elevation, but also if it is subjected to an external mechanical action, when the elastic strain component exceeds the critical value
Using formula (18), we can determine the elastic deformation ε el , at which the lubricant solidifies,
Note that, according to relation (19) , the melting can occur even at the zero temperature, T = 0, if the strain exceeds the critical value. At the zero strain, i.e. at ε el = 0, the lubricant melts, when its temperature exceeds the critical value T c0 (see Eq. (17)).
As a rule, it is the relative shear velocity between friction surfaces rather than the shear strain component ε el that is registered in experiments [5, 6] . Therefore, for our research to go further, it is necessary to obtain a relation between those two quantities. Let us take advantage of the Debye approximation, according to which the elastic strain component ε el arises in the lubricant layer, when the latter flows plastically at the velocity [7] 
where τ ε is the Maxwell relaxation time for internal stresses. The total strain in the layer is determined as the sum of elastic, ε el , and plastic, ε pl , components [7, 23] 
Combining relations (8), (21), and (22), we obtain the kinetic equation for the evolution of the elastic component of the shear strain [8, 30, 31, 33] :
Boundary friction experiments testify that the relaxation time of the elastic strain is very short, as a rule. This quantity can be estimated from the relation τ ε ≈ a/c ∼ 10 −12 s, where a ∼ 1 nm is the lattice constant or the intermolecular distance, and c ∼ 10 3 m/s is the sound velocity [11] . However, in the boundary mode, the strain relaxation time, τ ε , can differ by several orders of magnitude [5, 6] . Bearing in mind that the value of strain relaxation time τ ε is small, below we use the adiabatic approximation τ εεel ≈ 0 [35] , which allows us to determine the strain by its stationary value
rather than by Eq. (23).
In the general case, the free energy (12) depends on the lubricant layer thickness h [20] . Note that, in the framework of our model, the second term in expression (12) is proportional to the square of the elastic strain, ε 2 el . In accordance with relation (24), the stationary elastic strain increases with a reduction of the lubricant thickness h. Therefore, in the limiting case of a very thin layer (h → 0), the strain ε el → ∞. In this case, the second term in expansion (12) dominates, and the stationary value of order parameter equals zero, so that the lubricant is liquid-like, as in work [20] . A detailed study of the influence of the lubricant layer thickness on friction modes was carried out in works [36, 37] .
Kinetics of Melting
The changes in the lubricant temperature T and the strain ε el induce variations of the order parameter ϕ, which governs the free energy f (see Eq. (12)) in accordance with the power-law expansion of the latter [21] . The stabilization time for a new stationary value ϕ + (see Eq. (16)) is determined by the generalized thermodynamic force −∂f /∂ϕ. If ϕ ≈ ϕ + , this force is small, and the relaxation process is described by the Landau-Khalatnikov linear kinetic equation [38] 
where the kinetic coefficient δ characterizes the inertial properties of the system. After substituting energy (12) into Eq. (25), we obtain the equation in the explicit form,
Equation (26) includes a term responsible for additive fluctuations with a low intensity [30, 31] . Their intensity is selected to be so low that they do not affect the deterministic behavior of the system. However, their introduction is necessary, because, at subsequent numerical calculations, the root ϕ = 0 of Eq. (26) corresponding to the maximum of the potential f (ϕ), i.e. to the unstable stationary state, turns out stable according to the structure of the equation. In this situation, the introduction of ξ(t) stimulates the system to transit from the unstable state into a stable one, which corresponds to the energy minimum. Hence, fluctuations are taken into consideration by means of the features in subsequent numerical calculations.
The dynamic characteristics of any tribological system are governed by its properties in whole. For instance, in the geometry illustrated in Fig. 1 , the behavior of the system substantially depends on the stiffness constant, K, of the spring and the mass of the lower block, M . In contrast to the case of motion with constant elastic strains, this tribological system can reveal the stick-slip mode of motion in the course of friction [5, 6, 9, 18] . The indicated mode is established because the lubricant periodically melts and solidifies in the course of motion, which leads to the oscillatory character of friction force F . To calculate the evolution of this system in time, we need to solve the system of kinetic equations (3) and (26) numerically, determining the friction force F from Eqs. (10) and (11) , the elastic stresses σ el from Eq. (13), and the strain ε el from relation (24) . In so doing, we have to take into account the relationẋ = v, as well as definitions (1) and (2) .
While solving the differential equations numerically, we used the Euler-Cramer method with the time increment ∆t = 10 −10 s. The initial conditions ϕ 0 = x 0 = v 0 = 0 were chosen. The result obtained is shown in Fig. 3 . The dashed curve in the upper panel corresponds to the time dependence of the upper block coordinate X(t) (see Eq. (1)), and the solid one to that of the lower block, x(t), which is more complicated. The figure also exhibits the time dependences for the block velocities, elastic shear stresses σ el (see Eq. (13)) that arise in the lubricant, and total friction force F (see Eq. (10)). Let us examine these dependences in more details.
At the initial time moment, t = 0, the blocks are motionless, and the lubricant is in the solid-like state, because the dependences are plotted for the lubricant temperature T lower than the critical one, T 0 c (see Eq. (18)), and ε el = 0 at rest. At t = 0, the upper block starts to move, and, at t > 0, its velocity grows in accordance with Eq. (2) . Since the lubricant is in the solid-like state, the friction force F possesses both the viscous and elastic components, and the lower block moves together with the upper one. However, Fig. 3 . Dependences of the coordinates X and x, the velocities V and v, the elastic stresses σ el (see Eq. (13)), and the friction force F (see Eq. (10)) on the time t for the same parameters as in Fig. 2 and h = 10 −9 m, τε = 10 −8 s, γ = −2/3, A = 0.6 × 10 −9 m 2 , k = 5 × 10 4 Pa · s 1/3 , δ = 100 m 3 /(J · s), T = 200 K, Xm = 0.8 × 10 −6 m, ω = 10 rad/s, M = 0.4 kg, and K = 3000 N/m. The dashed curves correspond to the coordinate X(t) and the velocity V (t) of the upper block, and the solid ones to the coordinate x(t) and the velocity v(t) of the lower block in the course of motion, the absolute value of elastic force 2Kx, which impedes the lower block to move, grows and, as a result, the velocity v does not increase so sharply as the velocity V does. Hence, the relative shear velocity between block surfaces, V −v, increases in time and, in accordance with Eq. (24), the elastic strain ε el also grows. At a certain time moment, the condition ε el > ε el,c0 (see Eq. (19)) becomes satisfied, and the lubricant begins to melt following the "shear melting" mechanism. The friction force substantially decreases at that, because the stresses vanish, and the lower block can slide for a considerable distance, being driven by the elastic force from the compressed and stretched springs. Therefore, the relative shear Fig. 4 . Dependences of the relative displacement, X − x, and the velocity, V − v, of blocks on the time t for the same parameters as in Fig. 3 velocity diminishes, and, when the condition ε el < ε 0 el,c (see Eq. (20)) is obeyed, the lubricant solidifies again. The considered process repeats periodically.
In addition, Fig. 4 demonstrates the time dependences of the relative block displacement and the velocity. At the time moments, when the surfaces "stick" to each other, their relative displacement X −x remains constant, and the relative shear velocity V −v is close to zero (in this case, the dependences V (t) and v(t) in Fig. 3 visually coincide) . Hence, the periodic stick-slip mode of motion takes place, which is also typical of dry friction, when no lubricant is used [1, 2, 39] . For the chosen parameter values, the blocks "stick" to each other four times during a complete period of parameter changes: two times in each direction of motion, with the obtained dependences being symmetric with respect to the motion direction. However, a number of different situations can be realized depending on the system parameters.
The phase portraits of the system calculated at the same parameters as in Fig. 3 and various values of cyclic frequency ω are depicted in Fig. 5 . The kinetic dependences in Fig. 3 completely correspond to the phase portrait in Fig. 5 ,a, because they were calculated for the same frequency ω value. It is important to emphasize the fact that the phase portraits in Figs. 5,a and c are symmetric with respect to the coordinate origin, whereas the phase portraits in Fig. 5,b and d illustrate the situation where the motion of the upper friction surface in one direction affects differently the motion of the lower block in comparison with its motion in the opposite direction. Hence, the system reveals memory effects, which were observed experimentally [5] . In this case, the motion of the lower block is also periodic in time, but the time dependences of the parameters, which are given in Fig. 3 , are not symmetric with respect to their zero values [30] . The inset in Fig. 5,b demonstrates the enlarged section conditionally marked by letter A, because this section has pronounced features, which cannot be distinguished in the main plot. Thus, the frequency ω affects the behavior of the tribological system in a non-trivial manner. By varying ω, it is possible to select various modes of motion, which considerably differ from one another. Note that, at some frequencies, the stationary behavior of the system, which is established as a result of the system evolution, depends on the initial conditions or the system prehistory. For instance, in Fig. 5,d , the initial value ϕ 0 = 0 gives rise to a mode similar to that exhibited in Fig. 5 ,c. This circumstance also confirms the presence of memory effects in the system, which were observed experimentally [5] . Figure 6 elucidates the influence of lubricant temperature T on the melting kinetics. The plotted dependences are divided into four sections. The temperature for the first section is the lowest, and, for every next section, the temperature increases, i.e. we have the inequalities T 1 < T 2 < T 3 < T 4 . The dependence obtained in the first section, at T = T 1 , reproduces the dependence shown in Fig. 3 in more details, because it was obtained at the same T -value. As the temperature is elevated to T = T 2 , the stickslip mode of motion is realized, as it was at T = T 1 . However, the maximum value of elastic stresses σ el decreases at T = T 2 . As a result, the friction force F in the solid-like lubricant also decreases, as the temperature grows. As the temperature is elevated to T = T 3 , this tendency survives. Note that a reduction of the sticking peak number with the temperature growth is not a rule, and the opposite situation can take place. At T = T 4 , the lubricant is liquidlike all the time, and the elastic stresses equal zero. It is so, because, at this temperature, the condition T > T 0 c (see Eq. (18)) is obeyed even if ε el = 0, i.e. the melted lubricant cannot solidify due to a reduction of the relative shear velocity between the rubbing surfaces. We do not know of any experiments devoted to similar researches of the influence of the temperature on the friction mode. Therefore, the dependences exhibited in Fig. 6 are a forecast.
Numerical Experiment
The dependences shown in Fig. 6 testify that the growth of the temperature T gives rise to a reduction of the elastic stress amplitude σ el and a reduction of the friction force F maximum. Let is ana- Fig. 6 . Dependences of the coordinates X and x, the velocities V and v, the elastic stresses σ el (see Eq. (13)), and the friction force F (see Eq. (10)) on the time t for the same parameters as in Fig. 3 and the temperatures T 1 = 200 K, T 2 = 220 K, T 3 = 250 K, and T 4 = 300 K.The dashed curves correspond to the X(t) and V (t) dependences, and the solid curves to the x(t) and v(t) ones lyze the dependences of the σ el and F amplitudes on the temperature T at various modes of functioning of the system in more details. We define the stress amplitude as σ el,max := (σ el,max − σ el,min ) /2 and the friction force amplitude as F max := (F max − F min ) /2, where σ el,max and F max are the maximum values of elastic stresses and friction force, respectively, and σ el,min and F min are their minimum values, which are determined within the complete period of parameter changes, T = 2π/ω, after the stationary friction mode has been established.
The dependences of the indicated quantities on the temperature are depicted in Fig. 7 for three types of lubricants: pseudoplastic (γ < 0), Newtonian (γ = 0), and dilatant (γ > 0) fluids. The upper panel demonstrates that, as the temperature increases, the elastic stresses σ el,max decrease for all three types of fluids, i.e. the temperature elevation favors the lu- Fig. 7 . Dependences of the elastic stress, σ el,max , and friction force, Fmax, amplitudes on the temperature T for pseudoplastic (γ = −2/3), Newtonian (γ = 0), and dilatant (γ = 2/3) fluids as a lubricant. The parameters are the same as in Fig. 3 bricant melting. Note that, for pseudoplastic fluids (γ = −2/3), which are used most often as lubricants in such systems, the stress amplitude attains maximum values within almost the whole presented range of temperatures, but the melting occurs at lower T in this case. The lower panel of the figure shows the dependences of the friction force amplitudes F max on the lubricant temperature T . It follows from the figure that the friction force decreases with the temperature growth only for pseudoplastic fluids, and it is minimal within the whole range of temperatures in comparison with other types of fluids. For dilatant and Newtonian fluids and for the selected parameter values, the maximum friction force does not change with the temperature growth. Since the elastic stresses for those fluids decrease as the temperature grows (the upper panel of the figure), this means that the growth of T gives rise to an increase of the viscous component of the friction force, to which the second term in Fig. 8 . Dependences of the elastic stress, σ el,max , and friction force, Fmax, amplitudes on the proportionality coefficient k (see Eq. (7)) for pseudoplastic (γ = −2/3), Newtonian (γ = 0), and dilatant (γ = 2/3) fluids as a lubricant. The parameters are the same as in Fig. 3 formula (10) corresponds. In the situation concerned, this can happen only if the relative velocity of motion, V − v, increases. Note that, according to the figure, the amplitude of the friction force for the Newtonian and dilatant fluids remains constant when the temperature grows, even in the case σ el = 0, i.e. when the friction force has only the viscous component. Since the F -amplitudes in the cases γ = 0 and γ = 2/3 coincide at all temperatures, it is not sufficient to experimentally measure the total friction force in order to determine the friction mode. That is why the behavior of the elastic, σ el , and viscous, σ v , stresses are additionally studied as a rule [16] . Note also that, according to the results demonstrated in Fig. 7 , the application of pseudoplastic fluids is optimal to reduce friction, because they favor the establishment of a mode with minimum force F , despite that the elastic stresses for such lubricants are maximum within almost the whole range of temperatures.
To determine the dependence of the viscosity on the velocity gradient and the temperature, both real [28] and computer-assisted [29] experiments are carried Fig. 9 . Dependences of the elastic stress, σ el,max , and friction force, Fmax, amplitudes on the spring stiffness constant K (see Eq. (3)) for pseudoplastic (γ = −2/3), Newtonian (γ = 0), and dilatant (γ = 2/3) fluids as a lubricant. The parameters are the same as in Fig. 3 out. The problem urgency is connected with the fact that the dependences of the viscosity on the indicated quantities are anomalous in the boundary friction mode in the case of nano-sized tribological systems. There can even be a mode, when the friction force almost vanishes at cryogenic temperatures, which corresponds to a low viscosity of a lubricant and, accordingly, a very weak energy dissipation. In the English-language scientific literature, this mode was coined as "superlubricity" [40, 41] . Let us examine the dependences of the friction force and the stresses for three types of lubricants -however, not on the temperature (as in Fig. 7) , but on the proportionality coefficient k between the viscosity and the velocity gradient (see Eq. (7)). The corresponding plots are depicted in Fig. 8 . Note that, in contrast to Fig. 7 , different k-values correspond to different lubricants, friction surfaces, or experimental geometries. This means that every point in the dependences exhibited in Fig. 8 corresponds to tribological systems different by their properties. As one can see, for pseudoplastic fluids (γ = −2/3), the elastic stresses remain constant with increase of the coefficient k. For Newtonian and dilatant fluids, the maximum stresses monotonously decrease with the increase of k. The friction force amplitude F max grows with the coefficient k in the case of pseudoplastic fluid (γ = −2/3). At the same time, for the indices γ = 0 and γ = 2/3, the friction force behaves identically as in Fig. 7 , i.e. it remains constant. However, within the whole presented range of k-values, F max is minimal just for the pseudoplastic fluid; therefore, the latter is optimal for creating the conditions to reduce the friction in this case as well.
In Fig. 9 , the behavior of the examined quantities is illustrated, as the spring stiffness constant K increases. For the dilatant and Newtonian fluids, the elastic stresses σ el,max monotonously and slowly grow. In the case of the pseudoplastic fluid (γ = −2/3), the stresses drastically increase firstly, and afterward remain almost constant. The friction force in this case (γ = −2/3) also grows to a certain value and, then, does not almost change. For the indices γ = 0 and γ = 2/3, the amplitudes of friction force F max linearly increase with the spring stiffness constant K, and their magnitudes are equal as in the previous two figures. Hence, in this case, the pseudoplastic fluid also provides the minimum friction force in the system. Thus, a general conclusion can be drawn that the pseudoplastic fluids provide an optimal friction mode in the tribological system exhibited in Fig. 1 , because the maximum friction force F max is the lowest for them.
Conclusions
In this work, a thermodynamic model was developed to describe the behavior of a tribological system functioning in the boundary friction mode. The model allowed a number of effects observed experimentally to be explained. It was shown that the stick-slip mode of motion is a result of the phase transition of the first order between the liquid-and solid-like states of a lubricant. The influence of the lubricant temperature, the spring stiffness constant, and the coefficient of proportionality between the viscosity and the velocity gradient on the system behavior was analyzed. For pseudoplastic fluids, the elastic stresses and the friction force were found to decrease with the temperature growth. The increase of the spring stiffness constant induces the growth of the friction force and stresses for all types of lubricants. When the coefficient of proportionality k increases, the maximum stresses do not change substantially in the case of pseudoplastic fluids, whereas the friction force grows. For the sake of comparison, the results of calculations obtained for the dilatant and Newtonian fluids were also reported. Modes, in which the displacement between the friction surfaces does not correspond to the direction of motion of the upper block, were revealed, which evidences the presence of memory effects in the system. While developing the model, the thermodynamic potential with two stable stationary states was used, in which the zero and nonzero minima were separated by a maximum. However, it was found experimentally that the lubricant is characterized by more than one type of transition and it can exist in a few (solid-or liquid-like) metastable states. For such a situation to be described, the additional terms of higher orders in the free energy expansion are sufficient to be taken into account. The work was supported by the the Ministry of Education and Science, Youth and Sport of Ukraine in the framework of the project "Modeling of friction for metal nanoparticles and boundary liquid films interacting with atomically smooth surfaces" (N 0112U001380).
